In this paper,aformulation is proposed to describe the process of thermoacoustic amplification in thermoacoustic engines. This formulation is based on the introduction of ac omplexf requencyw hich is calculated from the transfer matrices of the thermoacoustic core and its surrounding components. The real part of this complex frequencyrepresents the frequencyofself-sustained acoustic oscillations, while its imaginary part characterizes the amplification/attenuation of the wave due to the thermoacoustic process. This formalism can be applied to anytype of thermoacoustic engine including stack-based or regenerator-based systems as well as straight, closed loop or coaxial duct geometries. It can be applied to the calculation of the threshold of thermoacoustic instability, butitisalso well-suited for the description of the transient regime of wave amplitude growth and saturation due to non linear processes. All of the above mentioned aspects are described in this paper.
Introduction
Thermoacoustic engines belong to at ype of heat engines in which acoustic work is produced by exploiting the temperature gradient between ah ot source and ac old sink [1, 2] . Typical arrangements of thermoacoustic engines are shown in Figure 1 . It consists basically of an acoustic resonator partially filled with ap iece of an open-cell porous material, often referred to as as tack or ar egenerator.Animportant temperature gradient is imposed along this stack/regenerator,sothat above acritical temperature gradient, acoustic modes of the resonator can become unstable and the thermoacoustic process results in the onset of self-sustained, large amplitude acoustic oscillations. Such kind of engines have been extensively studied in the past decades [3] , leading to adeeper understanding of their operation and to the building of af ew devices such as thermoacoustically driventhermoacoustic refrigerators or thermoelectric generators. These engines have interesting features inherent to the absence of moving parts (pistons and crankshafts)w hich can be advantageously used for industrial applications at moderate power densities (typically up to af ew kilowatts). It is howeverw orth noting that the design of thermoacoustic engines is atedious task which comprises an important part of uncertainties, because the operation of these engines is by nature nonlinear, and because the existing efficient prototypes include various elements likeflow straighteners, tapered tubes, membranes or jet pumps which are difficult to model accurately. Manyr esearchers use the freely available software package called DeltaEC developed at Los Alamos National Laboratory [4] for the design of thermoacoustic systems. This computer code is avery powerful tool which is mainly based on the linear (and weakly nonlinear)t hermoacoustic theory in the frequencyd omain. Besides the limitations of this computer code for large acoustic amplitudes requiring proper account of nonlinear effects, another of its characteristics is that it is expressed in the Fourier domain, so that it describes steady state conditions: the steady-state acoustic pressure amplitude is obtained from at emperature field which itself is controlled by the acoustic field due to acoustically induced heat transport. The multi-parameter shooting method which is employed in this computer code is well suited for the prediction of an equilibrium state above the threshold of thermoacoustic instability.H owever,i ti sn ot primarily devoted to the determination of the threshold condition itself (i.e. the required external thermal action above which thermoacoustic oscillations begin to growu pw ith time). Moreover, under some circumstances, the transient process leading to the steady state sound should be considered, and the approach used in DeltaEC then becomes unsuitable. This is notably the case when the engine is operated slightly above the threshold of thermoacoustic instability,where complicated effects may be observed. Forexample, the existence of ahysteretic loop [5, 6] in the onset and damping of the engine, or the periodic switch on/off of thermoacoustic instability [7, 8] have been reported for both standing and travelling wave engines. In such situations, the fixed external thermal action on the system does
Tc to secondary acoustic load Thermoacoustic core (a) (b) Figure 1 . Simplified drawings of astanding wave engine (a) and at ravelling wave loop engine (b),p ossibly coupled with as econdary acoustic load. not correspond to au nique steady state solution for the acoustic pressure amplitude.
Though useful design tools are nowadays available, an accurate description of thermoacoustic engines is still needed, and an important research effort has been devoted to the description of the onset of thermoacoustic instability and to its saturation by nonlinear effects. Va rious analytical [9, 10, 11, 12] and numerical models [13, 14] have been proposed in the literature, which are yet limited to the description of simple thermoacoustic devices of particular geometry.I nt his context, the aim of this paper is to propose ageneral modelling approach which is mainly based on the transfer matrices formalism. As in previous analytical works [9, 12] the model presented in this paper takes advantage of the significant difference between the instability time scale and the period of acoustic oscillations, which is exploited here by the introduction of a complexf requency, sometimes used for the treatment of transient oscillatory motions (note that the introduction of complexf requencyh as already been proposed in ac onference by J. E. Parker et al. [15] to treat thermoacoustic oscillations, and also in asimilar network approach by Q. Tu et al. [16] ). Depending on its sign, the imaginary part of this complexfrequencyrepresents an amplification or an attenuation coefficient, which is calculated from the linear thermoacoustic theory applied to the thermoacoustic system under consideration. The analytical treatment presented here is necessarily based on substantial approximations but, as will be discussed in this paper,i ti sw ell suited to carry out extensive parametric studies of both the transient and steady states. Moreover, this model has some interesting similarities with the computer code DeltaEC in the sense that it consists of amultiport network approach which is well-suited for the description of complicated acoustic networks including thermoacoustic cores, ducts with constant or varying cross-sections, grids, membranes, T-junctions etc ...The works presented in this paper basically consist of ageneralization of previous works [10, 17] and its main originality is thus primarily to propose to the reader ar ather simple modelling of anyk ind of thermoacoustic engine in order to determine its onset conditions or to describe the transient regime leading to steady state sound in the frame of weakly nonlinear theory.
In section 2t he multiport network modelling of thermoacoustic engines is presented, which leads to the analytical expression of the complexfrequencyfrom the transfer matrices of the thermoacoustic core and its surrounding components. In section 3, this formalism is applied to the determination of the conditions corresponding to the onset of thermoacoustic instability in the cases of astanding wave engine and of aclosed-loop travelling wave engine. Section 4i sd evoted to the description of basic concepts concerning the use of this approach to study the transient regime leading to steady state sound (ort om ore complicated dynamic behaviors of the thermoacoustic oscillator) in thermoacoustic systems.
Theory
Thermoacoustic engines are generally made up of ad uct network inside which the thermoacoustic core is inserted. The term "thermoacoustic core" refers here to the heterogeneously heated part of the device in which the amplification of acoustic waveso perates: it is basically composed of an open cell porous material -r eferred to as the stack (δ κ ∼ r)o rthe regenerator (δ κ r)d epending on the value of the average radius r of its pores relative to the thickness δ κ of the acoustic thermal boundary layeralong which atemperature gradient is imposed using heat exchangers. As illustrated in Figure 1 , the great variety of thermoacoustic engines can be schematically separated into twod i ff erent classes. The first class of engines (Figure 1a )r efers to some conventional waveguide arrangement ensuring the resonance of agas column. Among this class of engines are the stack-based standing wave engines which were extensively studied during the past decades, butalso the cryogenic devices where Taconis oscillations may occur [1] . The second class of engines (Figure 1b) refers to some waveguide arrangements where ac losedloop path exists, allowing the development of travelling acoustic wavesr unning along the loop. Among this class of engines are the stack-based travelling wave engine first studied by Yazaki et al. [18] , the thermoacoustic-Stirling heat engine [19] first successfully designed by Backhaus et al. [20] , the regenerator-based co-axial engines [21] where the feedback loop is formed by locating asmall diameter thermoacoustic core into alarger diameter waveguide, and also as amatter of interest some kinds of free-piston Stirling engines.
Whatevert he specificg eometry of the engine under consideration, all of these devices use the fact that when a strong temperature gradient is imposed along the stack/regenerator,part of the heat supplied is converted into acoustic work inside the stack/regenerator.This thermoacoustic amplification process results in the onset of self-sustained, large amplitude acoustic wavesoscillating at the frequency of the most unstable acoustic mode of the complete device. In the following, the onset of this thermoacoustic instability will be described by the introduction of ac omplex frequency, the real part of which describes the frequency of acoustic oscillations and the imaginary part of which describes the wave amplitude growth or attenuation. The analytical treatment presented here can be applied to any kind of thermoacoustic engine (and also to free piston Stirling engines), butitisconvenient here for clarity to separate the cases where there exists or not aclosed loop path for the acoustic waves. Forthe sakeofsimplicity,the first class of engine will be referred to as "standing wave"engine, while the second one will be referred to as "travelling wave"engine. The description of the acoustic field will be operated in the frequencydomain in the frame of the linear approximation. Assuming that harmonic plane wavesa re propagating along the centerline of the ducts, the acoustic pressure p(x, t)a nd acoustic volume velocity u(x, t)a re written as
where ζ may be either p or u,ζ denotes the complexamplitude of ζ, () denotes the real part of acomplexnumber, and x denotes the position along the duct axis (see Figure 1) . As shown in Figure 1 , the apparatus consists of athermoacoustic core connected at both sides to straight (or curved)ducts. The propagation of acoustic wavesthrough the thermoacoustic core is described as an acoustical twoport relating the complexamplitudes of acoustic pressure and volume velocity at both sides,
The transfer matrix of the thermoacoustic core, T TC ,d epends on the geometrical and thermophysical properties of its components. It also depends on the temperature distribution T m (x)a long the stack (x ∈ [x l ,x h ]) and the thermal buffer tube (x ∈ [x h ,x r ]),a nd on the angular frequency ω.I ft he imposed temperature distribution is known, the transfer matrix T TC can be obtained theoretically [1, 2, 17] , buti tc an also be obtained from experiments under various heating conditions [22] .
Derivation of the characteristic equation

Standing wave engines
The case of as tanding wave engine is first considered here. If the matrix T TC is known, the theoretical modelling of the complete device requires knowledge of the acoustic propagation through the components surrounding the thermoacoustic core. This can be realized by deriving the expressions of the reflected impedances Z l,r = p(x l,r )/ũ(x l,r )atboth sides of the thermoacoustic core. For instance, if astanding-wavedevice as the one depicted in Figure 1a is considered, writing the lossy propagation of harmonic plane wavesatangular frequency ω in the ducts of respective lengths x l and L − x r leads to the expressions of the reflected impedances
where
and
are the complexwavenumber and the characteristic impedance of the duct, respectively.I ne quations (5) and (6), ρ 0 is the fluid density at room temperature, c 0 is the adiabatic sound speed, γ is the specificheat ratio of the fluid, S is the duct cross-section, and the functions f κ and f ν characterize the thermal and viscous coupling between the oscillating fluid and the duct walls [2, 23] . In equations (3) and (4), Z 0 and Z L stand for the acoustic impedances at positions x = 0and x = L,r espectively.Theycan be, for instance, the radiation impedance of an open pipe [24] , the infinite impedance of arigid wall, or the acoustic impedance of an electrodynamic alternator,depending on the configuration of the standing-wavee ngine. Finally,c ombining equations (3) and (4) with equation (2) and solving the associated system of twoequations leads to the equation
Equation (7) is the characteristic equation which accounts for both the processes operating through the thermoacoustic core and the dissipative/reactive processes operating in its surrounding components. This equation must be satisfiedtodescribe the complete device properly.
Travelling wave engines
If the case of atravelling wave engine is nowconsidered, and if the matrix T TC is known, it is also possible to derive acharacteristic equation similar to equation (7).This implies to describe acoustic propagation at both sides of the thermoacoustic core. The basic idea is to makeo ne loop in the device -e ach of the individual components being characterized by its transfer matrix -sothat after one loop, the characteristic equation will ensure that one arrivesa t the same starting point. More precisely,t here exists on the first hand the equation characterizing the propagation through the thermoacoustic core, equation (2),and on the other hand, it is possible to obtain an additional relation between the acoustic pressure and acoustic volume velocity at both sides of the thermoacoustic core by means of the total transfer matrix T sur of the components surrounding the thermoacoustic core,
Fori nstance, if the particular geometry of Figure 1b is considered, and if the effects of the loop curvature are neglected, the matrix T sur can be written as
where the matrices
characterize lossy propagation through the ducts of respective lengths d l = x l and d r = L − x r (L is the unwrapped length of the closed-loop), and where the matrix
accounts for the effect of the secondary acoustic load, by means of its reflected acoustic admittance Y load (this acoustic load can be as econdary acoustic resonator [20] , an electrodynamic alternator [25] or anyother component characterized by its reflected admittance Y load ). Finally,combining equation (8) with equation (2) leads to the characteristic equation
where I 2 stands for the identity matrix 2 × 2, and det() denotes the determinant of amatrix.
Determination of the complex frequency
The proper description of the thermoacoustic device requires to satisfy the corresponding characteristic equation
where the function f corresponds to the left-hand-side of equation (7) or equation (12),depending on the system under consideration. It is important to point out that all of the above equations are derivedinthe frequencydomain, and due to this, it is implicitly assumed from equation (1) that the thermoacoustic system operates on steady state: this means that the angular frequency ω is purely real. In fact, the only condition for which equation (13) can be satisfied is that the temperature distribution T m (x)i sfi xedi ns uch aw ay that there exists av alue of the angular frequency ω which cancels the function f .U nder such ac ondition the acoustic wavesa re neither amplified nor attenuated, and since nonlinear effects saturating the wave amplitude growth are not considered here, the solutions ω and T m correspond to the threshold of thermoacoustic instability. However, as it will be proposed in the following, one may describe from equation (13) the wave amplitude growth occuring after the onset of thermoacoustic instability under the quasi-steady state assumption. To do this, let the angular frequencyb ea llowed to have an imaginary part
so that the acoustic pressure
is assumed to oscillate at frequency Ω= ( ω), while the attenuation/growth of the sound wave is characterized by the thermoacoustic amplification coefficient g .H owever, g is assumed to be small compared to the real part Ω of angular frequency, which means that the amplitude of the wave varies slowly at the time scale of fewa coustic periods, diminishing or growing depending on the sign of g ,inasmuch as the temperature distribution T m (x)stays constant at the scale of afew acoustic periods.
Under this quasi-steady state assumption, g Ω,and for ac onstant temperature distribution T m (att he timescale of af ew acoustic periods)i ti sp ossible to solve equation (13) using conventional numerical methods, and to findacouple Ω, g which characterizes both the frequencyo fa coustic oscillations and the wave amplitude growth/attenuation. The advantages of this formulation are that it is well-suited for the prediction of the onset of thermoacoustic instability (asw ill be shown in the next section)b ut also more generally,aswill be discussed in section 4, for the prediction of the engine'se ffi ciency, provided that the nonlinear effects operating after the onset are properly described.
Determination of the threshold of thermoacoustic instability
The theoretical modelling presented in section 2c an be used at first to determine the marginal stability conditions of thermoacoustic devices, i.e. to findt he purely real angular frequency ω =Ωand the temperature distribution T m for which equation (13) is satisfied. However, before illustrating this with twoparticular examples, tworemarks need to be formulated. Firstly,t he model of section 2i sa ctually incomplete since the heat transport within the thermoacoustic core needs to be described. Though it is well-established that thermoacoustic amplification depends significantly on the details of the temperature distribution, we will assume here for simplicity that al inear temperature distribution is imposed along the thermoacoustic core. In the absence of an appropriate description of heat transfer through the thermoacoustic core, the effect of heating will thus be represented by the temperature ratio T h /T c ,w here T h refers to the hot temperature at position x h and T c = 300K is the room temperature. In this paper,t he transfer matrix T TC (ω, T h /T c ) of the thermoacoustic core is obtained from the transformation of the well-known differential wave equation of thermoacoustics [1, 2] into an equivalent Vo lterra integral equation of the second kind (see refs. [10, 17] for more details).
Secondly,i nm ost of thermoacoustic devices the selfsustained oscillations are generated at af requencyw hich corresponds to the lower order acoustic mode of the system, butsince some of the components of the device consist of ad uct of finite length, equation (13) has actually an infinite number of solutions under the plane wave assumption (under some circumstances, higher order acoustic modes may even become more unstable than the first one, e.g. in refs [18, 26] ). Since conventional numerical methods for the solving of equation (13) should converge to asingle solution, it is required to define an appropriate initial condition in the numerical scheme in order that the algorithm converges to the desired solution.
In practice, the temperature ratio T h /T c is fixed, acting as aparameter,and the characteristic equation (13) is solved using an iterative Newton-Raphson method, which is suitable for finding the roots of acomplexfunction of a complexvariable [27] . The solution of (13) is found using the recurrence relation
where the first derivative f (ω k )iscalculated using asimple first order finite difference
Foro ur calculations, the step of finite difference is fixed to Δω k = 1.10
ω k .I no rder to avoid the divergence of the method, the initial value ω 0 is fixed to the angular frequencyo far esonant mode of the complete device. In the case of resonant modes resulting from ac omplicated coupling between different elements (see for instance the loop engine presented in Sect. 3.2), this initial angular frequencyisdetermined graphically by plotting the modulus |f (Ω)| and by pointing at al ocal minimum of the function. The initial value for g is fixed to g = 0. The iterative computation is stopped when asufficient accuracy e is obtained on the solution, i.e. when
with e = 10 −8 in our case. With this computation process, it is then possible to calculate ω =Ω+j g as afunction of the temperature T h .The threshold of thermoacoustic instability then corresponds to the hot temperature T h for which g = 0: it is determined by means of azero-finding method acting on the function g (T h ).
Standing wave engine
As abasic illustration of the applicability of the model presented in Sect. 2, the case of astanding-waveengine closed at both ends is studied. Aschematic drawing of this engine is shown in Figure 1a : twostraight cylindrical waveguides 
are introduced into equation (7) to compute the angular frequencyofacoustic oscillations Ω and the thermoacoustic amplification coefficient g in functions of the hot temperature T h .Inthis example, the total length of the engine is fixed to L = 1m,while the lengths of the stack and the thermal buffer tube are fixed to l s = l w = 5cm. Air at atmospheric pressure is used as aw orking fluid, and the stack is modelized as an assembly of 0.5mm-spaced parallel plates (50 µminthickness). the twopositions x h = L/4and x h = L/2, when T n > 1, the amplification coefficient g is negative and is continuously decreasing, meaning that the stack has ad amping effect for these positions. By contrast, for x h = 3L 4 ,t he onset condition g = 0i sf ound for at emperature ratio T 0 1.5. It can also be noticed that g < 0f or T n <T 0 (damping)a nd g > 0for T n >T 0 (amplification). These conclusions are well-known for this configuration of engine [2] , in which the thermoacoustic amplification only operates when the temperature gradient has the same sign as the acoustic pressure gradient.
It is worth noting that the angular frequency Ω is searched close to ar esonant frequencyo ft he device. It is thus possible to calculate Ω and g for different modes. and the spatial distribution of the acoustic pressure fields in ahalf-wavelength resonator is quite direct and confirms that these favourable positions are those for which the temperature gradient has the same sign as the acoustic pressure gradient.
If the stack is near enough to the rigid wall on the right, then the three first modes can potentially become unstable. Figure 4shows the angular frequency Ω and the amplification coefficient g as functions of the temperature ratio T n for x h /L = 0.9and for the three first modes. The higher the mode is, the higher the onset threshold temperature T 0 is. It is also interesting to observet hat if T n was sufficiently large and led to the onset of the three modes, the frequencies of the three instabilities would be incommensurate, which could lead to complexquasiperiodic and chaotic behaviours of the system [28] .
Travelling wave engine
In this section, the model is applied to at ravelling wave loop engine, as schematically drawn in Figure 1b .Adouble electrodynamic alternator is acting as the secondary acoustic load. In the previous section, it has been demonstrated that the choice of the frequencyinthe vicinity of which the onset frequencyiscomputed is important. As it is illustrated in Figure 5 , when the resonant modes result from ac omplicated coupling between different elements, this particular frequencyc an be determined graphically by plotting the modulus |f (Ω)| and by pointing at al ocal minimum of the function. It is then possible to study the onset conditions of the thermoacoustic instability close to the first resonance of the loop, butalso for alower frequency, near the mechanical resonance of the alternator.
In Figure 6 , the amplification coefficient g is plotted as afunction of the temperature ratio T n for these twodifferent modes. When the loop engine is not coupled with asecondary acoustic load (see dotted lines in Figure 6 ),the onset of the thermoacoustic instability is found for atemperature ratio T 0 2.4and the corresponding acoustic wavelength is close to the unwrapped length of the loop. Introducing the alternator as asecondary acoustic load does not impact significantly the onset conditions (see dashed lines in Figure 6 ):as mall increase of the onset temperature is observed, due to additionnal losses in the alternator.However,itappears that the onset temperature for the coupled mode (continuous lines in Figure 6 ) is lower than the one corresponding to the first mode of the loop. This behaviour is usually verified in practice, as this type of engine has generally an operating point close to the resonance of the alternator [25] .
Comparison with experimental results
In 1998, Yazaki et al. studied aclosed-loop thermoacoustic device and measured the stability curves as functions of the ratio (r/δ κ ) 2 ,together with the acoustic work flow using LDV [18] . Theynotably observed that the frequency of the sound wave amplified by thermoacoustic effect was, surprisingly,c lose to the one of the second mode of the loop (λ = L/2) butn ot the first mode (λ = L). In addition, theyalso investigated the same thermoacoustic device acting as a" standing-wave" engine by blocking the loop with arigid partition: theyobserved the threshold of the fourth standing-wavemode (for which λ = L/2).
In order to evaluate the consistencyo fo ur model, the thermoacoustic engine built by Yazaki et al. in 1998 has been considered and the stability curves have been calculated by varying the static pressure P 0 inside the engine. The onset temperature ratio T 0 is presented in Figure 7 as af unction of the square of the ratio r/δ κ .T he results obtained by Yazaki et al. [18] for both configurations (•: annular device, •:s traight device)a re compared with the theoretical ones (straight lines), when the oscillating frequencyi ss earched close to the frequencyo ft he mode λ = L/2. This frequencycorresponds to the 2 nd mode of the annular device (called "TW" in Figure 7 ) and to the 4 th mode of the straight device (called "SW" in Figure 7) . The model reproduces quite well the left branches of the stability curves, and it predicts an optimal ratio r/δ κ close to the experimental one. Forl arger r/δ κ ,t he onset tem- perature ratio is less important when computed with the model. The differences between the model and the measurements realized by Yazaki et al. may be explained with the following statements. Firstly,the temperature distributions are supposed to be linear along the stack and the thermal buffer tube. Secondly,some parameters in our model, such as those of the heat exchangers, the length of the thermal buffer tube or the length of the glass pipe used for LDV, were fixed arbitrarily because theyw ere unknown (all the parameters used for the design are reported in Table II) .
The model may also be used to investigate the typical mode selection observed by Yazaki et al. In his experiments [18] , Yazaki replaced one part of the loop with a glass pipe of smaller inner radius used for velocity measurements by LDV. The resulting cross-sectional area constriction is not large (see Table II ), butw es tated the fact that this constriction would be responsible for the mode selection, by "killing" the first mode of the loop. Indeed, when no constriction is introduced in the model, the first mode (λ = L,d ashed line in Figure 7 ) naturally becomes unstable for lower temperature ratios than the second mode (dotted line). But when the cross-sectionnal area constriction is added, the first mode of the loop may theoretically become unstable for much larger,physically inconsistent, temperature ratios (e.g. T 0 20 for (r/δ κ ) 2 2.6),a nd one can reasonably say that the onset is impossible. To conclude, the thermoacoustic engine built by Yazaki is not favourable to the onset of the first mode of the loop, due to this cross-sectionnal area constriction.
About the applicability of the model for transient regimes
As shown in section 3, the model presented in section 2 can be used for the determination of the onset conditions of the thermoacoustic instability,but another advantage of this model is that it can also be used for the theoretical study of the transient regime leading to steady-state sound.
If the accurate account of various nonlinear effects and the proper description of heat transfer through the ther-moacoustic core are discarded in the context of this study, it is actually quite direct to propose the basic formulation which is necessary to compute the transient process of wave amplitude growth and saturation. On the first hand, let'sa ssume that it is possible to describe heat transfer through the thermoacoustic core by means of the following differential equation:
where ∂ t stands for partial time derivative,a nd where T (x, t)r efers to the time-dependent, cross-sectional average temperature distribution along the thermoacoustic core. In this equation the function g is supposed to account for the heat transfer processes (diffusion, convection, radiation)c ontrolling the temperature distribution, while the dots in the argument of the function g refer to the geometrical and thermophysical parameters of the device under consideration. On the other hand, the thermoacoustic amplification operating in the thermoacoustic core is described with the ordinary differential equation
where d t denotes time derivative,w here p rms (x 0 ,t) = p 2 (x 0 ,t) is the root mean square amplitude of acoustic pressure oscillations at some position x 0 along the device (< ··· >denotes time averaging overanacoustic period), and where g is the imaginary part of the complexf requencyintroduced in Sect. 2. Note that this equation is directly derivedfrom equation (1) because p rms (x 0 ,t+Δt) = e g Δt p rms (x 0 ,t), and because it is assumed that g Ω and that during the time scale Δt of afew acoustic periods, the variations of the temperature distribution are negligible, so that g stays constant.
In order to compute the initial start-up of thermoacoustic oscillations up to the final stabilization of acoustic pressure amplitude, one must solvet he set of coupled equations (21) and (22) with appropriate boundary and initial conditions, provided that the nonlinear effects saturating the wave amplitude growth are included in these equations. Fori nstance, the effect of thermoacoustic heat pumping by the acoustic wave,which tends to reduce the temperature gradient externally imposed along the stack, can be included in equation (21) in the form of an acoustically (proportional to p 2 rms )enhanced thermal conductivity [12, 29] of the stack .M ore generally,a si nt he case of the DeltaEC computer code, it is possible to account (ina necessary simplified way) for some of the nonlinear effects involved in the saturation process, such as minor losses at the edges of the stack [30] , higher harmonics generation [9, 10, 12] , or heat convection due to acoustic streaming [31, 32, 33] .
As mentioned above,n of urther derivations are presented in this paper concerning the modeling of unsteady processes in thermoacoustic engines. This would indeed require to define the precise geometry of the device under consideration and the thermophysical properties of its components, to quantify properly each of the saturating processes, and also to perform comparisons with experimental data. We will defer such studies to af uture publication. Our main goal here is to point out the advantages of the formulation proposed in this paper,which can be used to study unsteady processes occuring in thermoacoustic systems of complicated geometries. The transient regime which precedes the stabilization of acoustic pressure amplitude can exhibit complicated behaviours [7, 8, 34, 35] , and it provides much more information than the only value of as teady state acoustic pressure. If one is able to reproduce such complicated dynamics using an appropriate simplified model, then one is able to get abetter physical insight on the nonlinear processes which control the saturation of the thermoacoustic instability.
Conclusion
We presented aformulation for the description of the wave amplification in different kinds of thermoacoustic engines. The model is suitable for the determination of the threshold of thermoacoustic instability,a nd it can be coupled to the equations describing heat transfer through the thermoacoustic core in order to describe unsteady processes leading to steady-state sound in the frame of the weakly nonlinear theory.I nt he frame of the linear theory,t his model captures some interesting properties of thermoacoustic engines, as the stack-location influence on the onset of the thermoacoustic instability or the selection of the unstable resonant mode of the device which can be amplified. As ac omplementary tool to the computer code DeltaEC or to direct numerical simulations, the proposed analytical model should prove useful for designing thermoacoustic engines and for investigating the nonlinear processes involved in these devices.
